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There have been several recent  investigation^^-^ into the 
effect of cross-link mobility and the interdependence of 
network chains on the elastic properties of polymeric net- 
works. These studies start with a common model for a sim- 
ple network system consisting o f f  chains of equal contour 
length, emanating from a central junction point, which is 
assumed to be mobile while the othm end of each chain is 
constrained to deform affinely. The results indicate that 
the number of “elastically effective chains” is (f - l), in 
agreement with the analysis of the viscoelastic behavior of 
a monodisperse four-chain ~ y s t e m . ~  In this paper, we will 
recalculate the elasticity of the above system for the case of 
monodisperse non-Gaussian chains, using a different ap- 
proach from previous calculations, and will then extend the 
method to the birefringence calculation for the same sys- 
tem. We will find that in both the elastic and photoelastic 
behavior, the mobility of an internal cross-link reduces the 
number of “effective chains” by one and that the number 
of links in these “effective chains” is different for the elas- 
ticity and birefringence calculations. 

Theory  
We consider a simple network consisting off chains ema- 

nating from a central junction point having coordinates 
( x o ,  yo, ZO), with the other end of the i th chain having coor- 
dinates (xi, yi, zi). Using the leading correction terms to 
the Gaussian approximation, the probability density func- 
tion for the ith chain is6 

whereroi = r o  - ri, Pi2 = 3/(2Nb2). The joint probability 
density of the system can be written as the product of the 
individual densities, 

While it is possible to perform the following calculation for 
a system of polydisperse chains in the Gaussian approxi- 
r n a t i ~ n , ~  the mathematics become prohibitive for the non- 
Gaussian case and so we will only consider a system of non- 
Gaussian chains of equal contour length here. The entropy 
of this system is given by the Boltzmann relation S = k In 
Q. We now average the entropy of the system in the de- 
formed state subject to the condition that the central junc- 
tion is completely mobile while the remaining cross-links 
deform affinely. Thus we can write 

where roi2 = x0i2 + y0i2 + z0i2, x0i2 = ( x g  - X , X ~ ) ~ ,  A, is the 
deformation ratio in the x direction and 

Averaging over r o  yields an expression which can be written 
in terms of xij, etc. We then transform the variables of inte- 
gration from rl, r2, . . . , rf to rl, r12 ,  . . . , r1f. The Jacobian 
of this transformation is unity. 

Completing the integration, we obtain 

Evaluating other terms in eq 2 yields 

with analogous expressions for the other terms in eq 2. 
Substituting back into eq 2 then yields 

Y20(XX4 + Xy4 + Xz4) - ylo(X,2Xy2 + X,2Xz2 + Xy2Xz2)]  ( 5 )  
where N’ = Nf/(f  - 1). Equation 5 demonstrates that, elas- 
tically, the total number of links, Nf, is divided up among 
the number of “elastically effective chains”, (f - 1). This is 
in agreement with a previous ca l~ula t ion .~  

We can apply the preceding calculation directly to the 
calculation of the birefringence of the simple network sys- 
tem. 

The polarizability difference of the i th chain in the net- 
work along the z and x axes can be expressed in our nota- 
tion asa 

where ll and {2 are the parallel and transverse link polariz- 
abilities, respectively. The total average polarizability dif- 
ference of the system is therefore 

The result can immediately be written by comparison with 
eq 4 in the preceding calculation as 

( A T ) =  (f - w1- (2) [&2 - X,2] + 

where N‘ = N f / ( f  - 1). 
Thus, while the number of chains which are “photoelas- 

tically or elastically effective” is (f - 1) in each case, the 
number of links in the “photoelastically effective chain” 
does not have the simple relationship found for the “elasti- 
cally effective chain”. This is indicated by the ( f  - 2)/ 
( f  - 1) term in eq 7 .  
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Conclusion 

We can conclude that the effect of chain interdepen- 
dence and cross-link mobility in this simple non-Gaussian 
network system is to reduce the number of “elastically and 
photoelastically effective chains” but the number of links 
in these “effective chains” differs for each case. Previous 
extrapolations to more realistic network  model^^-^ do not 
appear to be well founded and hence we have not attempt- 
ed it herein. A new approach is needed which incorporates 
the main features of this simple calculation: cross-link mo- 
bility and chain interdependence. 
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Communications to the Editor 

I3C Nuclear Magnetic Resonance Observation of the 
Oxidation of Polyethylene 

The oxidation of polyolefins is a problem of considerable 
technological importance and scientific interest. The litera- 
ture is voluminous (see ref 1-3 for reviews) and the general 
outlines of the thermal reaction are now generally felt to be 
quite well understood. Lingering doubts persist, however, 
as to the details of the mechanism, particularly from the 
quantitative standpoint, and the exact nature of the oxida- 
tion products is by no means completely ~ l e a r . ~ - ~  This is in 
large part due to heavy reliance on ir spectroscopy in stud- 
ies reported to date. Informative as it is, ir spectroscopy 
suffers from the difficulty of band overlap, particularly in 
the important carbonyl stretch region near 1725 cm-l, and 
from the troublesome necessity of establishing reliable ex- 
tinction coefficients. 

Because of the wide range of I3C chemical shifts, over 
200 ppm for the resonances of interest, peak overlap does 
not present a problem. In addition, because of the sensitivi- 
ty of 13C chemical shifts to local structure, much more posi- 
tive and detailed identification of oxygen-containing 
groups is possible. A third major advantage of FT 13C 
NMR is that with due attention to spin-lattice relaxation, 
i.e., by selecting pulse intervals equal to a t  least 3T1, quan- 
titative estimation of the oxidation products can be carried 
out directly from peak intensity measuremenh8 

We wish to report in a preliminary fashion our utilization 
of FT I3C NMR for the observation and measurement of 
the oxidation products of low density (Le., branched) poly- 
ethylene. The polymers employed were commercial materi- 
als from Union Carbide having the properties shown in 
Table I. The branch contents were determined by 13C 
NMR as described hy Dorman et al.1° and by Bovey et al.ll 
Spectra were observed at  25 MHz at a temperature of 
1 1 O 0 . l 2  The polymers were exposed to 1 atm of oxygen in 
the form of 5-in. diameter circular films of 5-mil thickness 
(ca. 1.4 g) placed in flat-bottomed conical oxidation cells 
held in a 140’ oil bath and connected to mercury manome- 
ters. After the desired volume of oxygen was absorbed, the 
oxidized polymer was dissolved as 30% (w/v) solutions in a 
4:l (by volume) mixture of 1,2,4-trichlorobenzene and deu- 
teriobenzene. The solutions were placed in 12-mm NMR 
tubes which were then flushed with argon and stoppered. 

Figure 1 shows the I3C spectrum of polymer B (Table I) 
before (a) and after (b and c) thermal oxidation. The prin- 
cipal peak a t  30 ppm (vs. TMS) is that of the methylene 

Table I 
~ ~~ ~ 

Polymer A Polymer B 

Melt index 

Density, g cmh3 
Branch content0 

a, 

Methyl 
Ethyl 

n-Amyl 
“Long” 

n-Butyl 

0.3 

0.9175 

0 
2.6 
11.4 
4.4 
4.1 

3.50 x 105 
21.9 

0.9245 

0 
1.9 
9.7 
2.1 
3.4 

1.43 x 105 

Total branch points 22.5 1 7 . 1  
a Branch points per 1000 CH,. 

carbons which are four or more carbons removed from any 
branch, chain ends, or oxidized groups. The resonances as- 
sociated with branches are knownlO,” and are indicated on 
spectrum (a). In spectra (b) and (c) the new peaks resulting 
from oxidation are shaded. Most of these have been une- 
quivocally assigned. This was done by comparison with ap- 
propriate long-chain model compounds14 which were indi- 
vidually observed as 20% (w/v) solutions under identical 
conditions. In order to simulate the polymer solutions still 
more closely, mixed solutions of model compounds were 
also observed. Deviations from the chemical shifts of the 
pure compounds were less than 0.1 ppm in the alkyl region 
and ca. 1 ppm in the carbonyl region. (Smaller deviations 
are to be expected for the actual polymer solutions, in 
which functional group concentrations were smaller.) 

As Figure 1 (b and c) shows, the groups believed to be 
unequivocally assigned were: long-chain ketones, long- 
chain carboxylic acids, long-chain secondary alcohols, long- 
chain secondary hydroperoxides, esters of long-chain car- 
boxylic acids with long-chain secondary alcohols, and long- 
chain y-lactones. Not observed at  our present level of de- 
tection (ca. 0.3%) were the following groups: aldehydes, 
conjugated ketones, olefins, peresters, primary and tertiary 
hydroperoxides, and primary and tertiary alcohols and 
their esters. The presence of all of these has been proposed 
or reported by various a ~ t h o r s . ~ , ~ , ~ , ~  

In other respects, our data agree in a general way with ir 
 finding^,^ but provide considerably more detailed structur- 
al information as well as a sounder quantitative basis for 
mechanistic conclusions. In Figure 2, the distribution of es- 
tablished oxidation products is depicted as a function of 
time and extent of oxidation. The highest extent of oxida- 


